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A B S T R A C T

In this paper, a novel device called the “ISO3D-2G” is proposed for a three-dimensional vertical rocking isolation
(VRI) system. The VRI system works by isolating critical vibration sources, e.g., earthquake events and opera-
tional high-frequency vibrations. In this work, only its performance as a seismic isolation system is studied. The
ISO3D-2G is made of a steel structure and an elastomeric rubber system, offering improved properties as
compared to previous versions of the device. The device is manufactured at a full scale and is experimentally
tested. To represent the vertical non-linear hysteretic behavior of the device, a numerical model called the
hyperelastic Bouc-Wen (HBW) model is developed. The HBW model combines a hyperelastic component (re-
presented in this work by a third-order Ogden model) and a hysteretic component (represented by a modified
BW model). The simply supported horizontal behavior of the device is represented through a non-linear 2D
frictional hysteretic model. The HBW model is calibrated to fit the experimental data obtained in the test, and
guidelines are provided for understanding and manually calibrating the model. The dynamic performance of the
system is analyzed using time-history analyses with four records (three non-impulsive records and one impulsive
record). Equations are presented for the motion of the system. For the three non-impulsive seismic records, the
observed behavior was similar to that in conventional lateral isolation systems. Horizontal force reduction ratios
between 7.4 and 10.9 were obtained. The maximum shear base remained below 23% of the total weight of the
structure, even considering the three components of the ground motion. In addition, vertical force reduction
ratios between 2 and 3.8 were obtained, demonstrating that the vertical isolation effect was satisfactory.
However, for an impulsive seismic record, there was a significant change in the patterns of behavior, owing to
the significant uplift of two of the four devices. Despite this, the structure remained stable, and the lateral
isolation effect was preserved. Finally, it was concluded that using vertically flexible devices with high damping
in the base of structures to generate a rocking isolation mechanism is an effective approach to reducing the
seismic demand, even though the isolated modes of the structure do not take periods longer than 2.0 s. Although
there was no lateral translation at the base, the VRI system isolated the structure by allowing lateral and vertical
displacement of the center of mass.

1. Introduction

Over the last five decades, several seismic isolation systems have
been studied and developed worldwide. Most of them provide a struc-
ture for lateral isolation, similar to approaches with elastomeric or
frictional devices. However, in these devices, the vertical component of
the seismic motion is still transmitted directly into the structure.
Vertical isolation is needed for two main purposes: (i) to reduce da-
maging vertical ground accelerations from earthquakes that are trans-
mitted to the structure, causing a reduction in the shear and flexural

capacity of the supporting elements [1–4]; and (ii) to reduce the ver-
tical high-frequency operational vibrations of industrial equipment that
must comply with serviceability objectives, as they also could cause
damage to the environment (e.g., near people working, other important
machinery, or non-structural completion of the building) [5]. However,
the existing solutions for operational high-frequency vibrations (vi-
bration control devices) do not have good performance in response to
seismic events [6,7]. Hence, vertical isolation is needed to protect
structures, especially structures with failure modes associated with
vertical seismic components.
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Three-dimensional seismic isolation systems (3DSISs) have been
recently studied for providing horizontal and vertical isolation. These
systems usually allow six vibration modes: three lateral-torsional modes
and three vertical-rocking modes, i.e., similar to the concept of isolation
in industrial equipment. For example, the application of a three-di-
mensional seismic isolation bearing system in long-span hangars was
analyzed by Xiongyan et al [8]; Xu et al. [9,10] designed and tested a
multi-dimensional isolation device for building structures; Takahashi
et al [11] proposed a 3DSIS with a rocking suppression system for an
entire civilian building; Blom [12] studied the vertical and horizontal
seismic isolation performances of an advanced virgo external injection
bench seismic attenuation system. In addition, 3DSISs for nuclear
power plants have been exhaustively analyzed. These protect the
structure itself, along with specialized equipment and machinery that is
not only expensive, but critical to safe operation [13–16].

The same concept of seismic protection can be applied to specialized
equipment that is critical for operational continuity. Most seismic de-
sign codes are guidelines for engineers in regard to requirements and/or
criteria for life safety in buildings. However, in the case of industrial
facilities, these requirements are not sufficient to ensure the safety of
assets and essential machinery that must be operational following an
earthquake. Considering that some of these critical structures include
motorized mechanical equipment that produces high-frequency vibra-
tion under regular daily operation, there is great value in determining a
cost-effective retrofitting solution for simultaneous vibration control
and seismic protection.

An example of a 3DSIS available in the market and used for seismic
protection and isolating excessive or disturbing vibrations is the GERB
base control system device. It consists of a set of compression springs
and viscous dampers placed at the bottom of the structure, and been
applied in different fields, such as building isolation, industrial ma-
chinery, pipework systems, and shipbuilding [17]. Another three-di-
mensional isolation system is a vertical rocking isolation (VRI) system.
It was first proposed by Almazán et al. [18] as a viable alternative for
seismically protecting legged wine storage tanks, inspired by the ben-
efits of the rocking motions of structures. Other protection devices that
take advantage of the rocking behavior of structures have also been
proposed. For example, Alessandri et al. [19,20] analyzed the seismic
protection of electrical substation equipment by using wire rope devices
as rocking isolation mechanisms. Friction spring dampers [21] were
studied as a rocking energy-dissipation mechanism by Riley et al. [22].
Generally, rocking-based protection systems have been shown to be
particularly effective for slender structures.

The first materialization of a VRI system was through a device called
the “ISO3D” [23]. García G. [24] analyzed the performance of the VRI
system in the seismic isolation of 12 tons of air conditioning equipment
supported by four ISO3D devices. He concluded that the main

contribution of this technology, as compared to traditional vibration
control devices, is the reduction in the acceleration response of the
equipment to high-intensity earthquakes. He presented an effective
alternative for protecting these structures, as the performances of heavy
and light equipment supported by vibration control devices have been
deficient in many earthquakes, showing failures in anchorages, and
damage in acceleration-sensitive components [25].

The 2010 Maule Earthquake led to the study of the seismic perfor-
mance of many vulnerable structures. One study addressed legged wine
storage tanks, and was triggered by the economic losses to the wine
industry from that event [26]. Similar damage scenarios occurred in
other seismic countries, e.g., in the 2012 Emilia Earthquake in Italy
[27], 2011 Christchurch and 2013 Marlborough Earthquakes in New
Zealand [28], 2014 South Napa Earthquake in the USA [29], and 2015
Coquimbo Earthquake in Chile (again). In all of these events, the winery
industries were harshly affected. This demonstrated that seismic pro-
tection was necessary for wine storage systems, just like any other
important asset. Thus, Auad and Almazán [30] conducted a further
study on the performance of the ISO3D in isolating a legged wine sto-
rage tank. They obtained significant compression and shear load re-
ductions in the legs, which are the critical forces in commonly seen leg-
buckling failures.

In this study, an improved version of the ISO3D device is developed,
and is denoted as the “ISO3D-2G”. This version is the result of im-
portant changes made to the ISO3D device to obtain a better seismic
response and a higher mass capacity, making it suitable for a larger
number of light and heavy structures. Although the device is designed
to work simultaneously as a seismic and vibration isolator, only its
operation as a seismic isolator is validated herein. To validate its op-
eration as a vibration isolator, further experimental studies are re-
quired.

2. Description of the isolation device ISO3D-2G

The essence of the ISO3D-2G is to unify the well-known concepts of
vibration control (in industrial equipment) and seismic isolation in a
unique device. The main changes made to the ISO3D include: (i) the
addition of a central solid rod that restrains the lateral displacement;
(ii) the replacement of all steel springs by high-damping rubber bear-
ings (HDRBs), and (iii) the removal of the internal energy damper. The
replacement of the steel springs is mainly because the HDRBs have a
highly non-linear hysteretic force-deformation relation that is more
suitable for seismic isolation than linear elastic springs.

Thus, the ISO3D-2G consists mainly of four parts: (i) an articulated
framework structure, (ii) a compression and tension rubber bearings,
(iii) a central rod, and (iv) a support structure. Fig. 1a shows an iso-
metric view of the device in an undeformed configuration, and the
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Fig. 1. (a) Isometric view of the ISO3D-2G, with and without rubber bearings; (b) exploded view of the components.
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name of each component. An exploded view of the components is
presented in Fig. 1b. Table 1 presents the generic name of each num-
bered component.

The articulated framework is responsible for transferring and am-
plifying the vertical deformation(s) to the horizontal rubber bands. It
consists of an upper plate (element N° 2) connected to the structure, a
lower plate (element N° 3) in contact with the floor, and four frames
(element N° 9) where the horizontal rubber bands are attached. All
components are connected through articulated joints (element N° 10),
forming a hexagonal frame. In the ISO3D device, this framework was
made of six robust plates, to resist all of the lateral forces in one di-
rection. However, when these forces are too high (e.g., associated with
heavier structures), the design results in excessively thick and complex
plate connections. To solve this problem, the central rod (element N° 6)
was added to resist the lateral forces instead of the framework; thus, the
plates could be replaced by thinner frames.

The compression rubber (element N° 4) provides the flexibility for
isolation from external vibrations; the tensile rubber (element N° 5)
reduces the deformation caused by the self-weight of the structure, and
provides additional energy dissipation. The compression rubber is
placed between the support structure (element N° 8) and the upper
plate of the framework. The compression rubber includes a hole in the
middle for the central rod to pass through. The tensile rubbers are at-
tached to the framework structure. Although the compression and

tensile rubbers perform different functions, according to the desired
behavior, only compression rubbers can be used in the design to reduce
costs, provided larger self-weight deformations are acceptable.

The central rod resists lateral forces and avoids the buckling of the
compression rubber. It also works as a guideline for the vertical
movement of the device. It is connected to the upper plate of the fra-
mework and passes through a flexible annular bushing (element N° 7)
placed in the support structure. The bushing guides the vertical
movement of the rod, and allows the rotation of the upper plate. Owing
to the nearly incompressible behavior of rubber, when the compression
rubber is deformed, it tends to expand laterally but also inwards, owing
to the hole in the middle. Accordingly, it confines the central rod, and
dissipates energy via friction.

The support structure is where the compression rubber rests and has
a fundamental role in the design of the system. It regulates the height of
the device and modifies the amplification effect of the framework
structure. Importantly, the flexible annular bushing manages to match,
at least with an acceptable tolerance, the equivalent lateral stiffness of
all devices when they have different levels of deformation (e.g., vertical
deformation changes the free length of the rod, and thus the lateral
stiffness).

As mentioned before, the articulated framework transfers and am-
plifies the vertical deformation of the device to the horizontal rubber
through a kinematic relation. By applying the virtual work principle to
this relation, the vertical non-linear vertical force fu provided by any
rubber spring on the device and its corresponding tangent stiffness ku
can be determined as follows:

= +f f f s
u

( )u s o (1)

In the above, u is the vertical deformation of the device; s and fs are
the uniaxial deformation and the force of the rubber spring, respec-
tively, and f0 is the pre-stressing load in the rubber (if any). In the case
of the compression rubber, the term s

u
is equal to 1, because the vertical

Table 1
Components in Fig. 1b.

N° Element N° Element

1 ISO3D-2G device 6 Central rod
2 Upper plate 7 Rubber bushing
3 Lower plate 8 Support structure
4 Compression rubber 9 Framework frames
5 Tensile rubber 10 Articulated joints
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Fig. 2. From left to right, the two main orthogonal views of the device in the undeformed position, vertically deformed position, vertically deformed position with a
slight rotation, and a view of the cross sections.
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deformation of the rubber coincides with that of the device. In in the
case of tensile rubber bands, the term s

u
depends on the geometry of the

hexagonal framework, as the amplification effect lies there. Fig. 2
shows the main orthogonal views of the device in the undeformed
position and in a vertically deformed position with a slight rotation,
along with cross-sectional views. From this figure, it is possible to ob-
serve and better understand the kinematics of the device.

2.1. Prototype tests

As mentioned previously, the restitutive force of the ISO3D-2G de-
vice is provided by the rubber, under uniaxial compression and tension.
Rubber has been used as an engineering material for almost 200 years,
i.e., since the vulcanization of rubber as pioneered by Charles
Goodyear. Since then, its mechanical properties have been modified for
different purposes. Generally, these properties are strongly modified by
adding fillers (silica or carbon black) that create new bonds between the
polymer and filler particles [31–33]. Filled rubbers are strongly char-
acterized by a stress-softening behavior under cyclic uniaxial de-
formation; this effect was intensively investigated by Mullins and his
co-workers, and was referred to as the “Mullins effect” [34–38]. This
stress-softening effect is also widely known as “scragging”, and its effect
has also been extensively studied in high-damping rubber bearings
under shear deformations [39–41].

To validate the improvements made to the ISO3D device, four
identical prototypes of the ISO3D-2G device were manufactured for
laboratory testing. The devices were designed to support 0.8 Tonf under
a self-weight condition. Therefore, with four devices, it is possible to
support a structure with an approximate weight of 3.2 Tonf. The fra-
mework structure of the devices comprised ASTM A36 steel with an
electrolytic zinc plating finish. The compression and tensile rubber
were manufactured from natural rubber, with a hardness of Shore 70
(scale type A, measured with quadrant-style durometer), and a tensile
rupture strain of 480% in uniaxial tension. The manufacturer did not
provide information on the specific compositions of the rubber or its
fillers; however, it is the same rubber used by the supplier to manu-
facture rubber bearings, bridge supports, and spring fenders. The di-
mensions of the framework structure and rubbers are presented in
Table 2. To facilitate the manual installation of the rubbers and easily
modify the amount of rubber to be used, each tensile rubber was
manufactured as a unitary band with a 1 cm2 cross-sectional area. In the
tested device, 28 rubber bands were used.

3. Experimental setup and instrumentation

The device was tested at the Pontificia Universidad Católica de Chile
Laboratory. A 90 kN capacity dynamic actuator with a servo valve was
used as a loading device. It was anchored horizontally to a reaction wall
and was held vertically using tensors. The device was tested horizon-
tally between the dynamic actuator and a stiff-reaction metallic bracket

anchored to the reaction slab of the laboratory. A linear variable dif-
ferential transformer with a 150 mm stroke length was installed to
measure the applied displacement on the upper plate of the device. A 50
kN capacity tension-compression load cell was placed between the
device and the dynamic actuator to measure the applied force. Fig. 3
presents a photograph and layout of the experimental setup.

3.1. Testing protocol

Several regulations propose tests for isolation devices, which are
intended to verify the device performance under a wide range of loads
and displacements [42]. However, it was decided to apply the vertical
three-phase displacement pattern shown in Fig. 4 instead (vertical
displacement considering the local axes of the device). This pattern was
chosen to observe three phenomena in the elastomers: (a) the stiffness
degradation owing to the Mullins effect in the loading and unloading
curves at different levels of deformation, (b) the unloading curve path
at different levels of deformation, and (c) the hysteretic cyclic behavior
at a deformation equal to half of the design deformation, to thereby
adjust a numerical model. The design deformation corresponded to the
maximum expected deformation for the designed earthquake, i.e., a
deformation of 50% in the compression rubber. For the authors, the
latter was the most interesting phenomenon represented through the
applied protocol.

Each phase of the protocol showed a specific behavior of the elas-
tomers. The first phase produced scragging in the virgin rubber at dif-
ferent levels of deformation until it reached the design deformation, to
thereby compare the stress-softened curves in the following phases. The
second phase obtained the hysteretic cyclic behavior centered at half of
the design deformation, as that would be the predominant hysteretic
behavior during an earthquake. Finally, the third phase obtained the
stress-softened loading and unloading curve paths for different levels of
deformation, to determine if a significant loss of stiffness persisted.

Each cycle was performed at a constant frequency of 0.33 Hz. The
largest amplitude reached a deformation of 68 mm. Phase 2 was cen-
tered on a deformation of 35 mm (approximately half of the design
deformation). With these peak displacement amplitudes, the rubber
was subjected to a range of strain rates from approximately 0.05 s 1 to
0.4 s 1 in the first and last cycles of phase 1, respectively.

Although the ultimate capacity of the device was estimated to be
approximately 80–90 mm of deformation in the compression rubber
(failure by yield of the device's support structure), the applied de-
formation was limited to the design level, to maintain the device in
working condition and ready for installation in a storage tank (for an
ongoing full-scale shaking table test validation).

To certify the use of these devices for the seismic protection of
specific equipment for commercial purposes, other more rigorous dis-
placement patterns may be required before installation. For example,
for the protection of electrical equipment in substations, it is necessary
to comply with the test protocol established in t Appendix W of the IEEE
Standard 693-2018: “Recommended Practice for Seismic Design of
Substations,” which has specific recommendations for devices that use a
rocking isolation mechanism [43].

3.2. Test results

Three of the prototypes (referred to as prototypes A, B, and C) were
tested with different rubber configurations to analyze the contributions
of elastomers in compression and tension (separately). Prototype A was
tested with only non-virgin compression rubber (i.e., rubber that was
already deformed, so no important scragging is present), prototype B
was tested with only virgin tensile rubbers, and prototype C was tested
with both rubber systems (non-virgin compression rubber and virgin
tensile rubbers). Unfortunately, at the initial testing of the compression
rubbers in their virgin state, there was an error in the instrumentation,
and those data are not available. That is why the compression rubber

Table 2
Dimensions of the device.

Notation Dimension

Initial height of device,H0 250 mm
Initial opening of the framework,b0 25 mm
Length of each frame, Lf 120 mm
Separation width of the framework,LP 100 mm
Tensile rubber initial length,Lt 160 mm
Height of compression rubber,hc 125 mm
External diameter of the compression rubber,De 80 mm
Internal diameter of the compression rubber and diameter of the central

rod,Di

30 mm

Number of tensile rubber bands 28
Initial cross-sectional area of compression rubber 43.2 cm2

Initial cross-sectional area of each tensile rubber 1 cm2
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does not present a stiffness degradation in the initial cycles. It is im-
portant to mention that the steel framework structure is completely
identical in the three prototypes. The force-deformation hysteretic
loops measured during the tests for the three prototypes are shown in
Fig. 5.

Although a fictitious primary curve can be clearly recognized in
each test with virgin rubber, there is an important softening in the in-
itial cycles. This softening effect cannot be neglected and should be
considered in the design, as all devices must be tested at the maximum
deformation before installation, assuring that there will be a stress-
softening effect (as is applied to rubber bearing isolators through the
scragging process). However, an interesting trend of these materials is
that for numerous deformation cycles at deformation levels progres-
sively smaller than the largest level reached before, a unique softened
loading and unloading curve can be clearly identified, unless the last
largest deformation is exceeded. This trend is evident in prototype A
(with only compression rubber). As it was previously tested, the stress
softening had already occurred, and all subsequently recorded loading
and unloading curves went through the same path. The same behavior
is observed in prototypes B and C in the final cycles of the test.

Table 3 presents the amplitude, effective stiffness (Keff ), dissipated
energy (Ed), and equivalent linear viscous damping ratio ( ) of the
hysteretic cycles for prototype C (the numeration of cycles refers to that
shown in Fig. 4). Cycles with similar maximum deformation levels were
separated using horizontal sublines (every three cycles in phases 1 and
3, and every two cycles in phase 2). The effective stiffness was com-
puted as the slope between the maximum and minimum deformation
values in a given cycle.

To quickly quantify the amount of energy dissipated for different
levels of deformation (for use in design procedures, e.g., the capacity-
demand method), a power function was adjusted to the experimental
results in a least-square fitting sense. Fig. 6a shows the energy dis-
sipated by prototype C as a function of the amplitude of the applied
deformation cycles. The first cycles for a given deformation level during
phase 1 were not considered in the fitting, as scragging must occur first.
The not-considered cycles are shown in the graph as “Phase 1 (first
cycles)” (i.e., cycles 1, 2, 3, 4, 7, 10, 13, and 16, referring to the nu-
meration of Fig. 4). In contrast, all cycles of phases 2 and 3 were con-
sidered. According to the fitting, the energy dissipated in a fully re-
versed cycle of amplitude u is given as follows:

=E u u( ) 0.054· [Tonf mm]d
1.484 (2)

Fig. 6b presents the relative error between the polynomial fitting
and the experimental test values. Although there is a larger error for
small amplitudes, these deformation amplitudes are not relevant for
seismic applications, as the expected demand levels will be at ampli-
tudes greater than 20 mm.

As to be expected in phase 1 owing to the scragging, the first cycle at
a given deformation level has a larger amount of dissipated energy and
stiffness than the two following cycles at that same deformation level.
In the case of equivalent viscous damping, the same trend is observed
for small deformation levels (amplitudes smaller than 30 mm), whereas
for larger deformation levels, no relevant change is observed. Fig. 7
shows the effective stiffness values and equivalent linear viscous
damping ratios of the cycles as a function of amplitude. It is observed
that for deformation levels associated with seismic demands (ampli-
tudes larger than 30 mm), the stiffness of the device remains reasonably
constant. In addition, the equivalent damping slightly decreases as the
deformation increases.

As shown by the previous results, the ISO3D-2G device has an en-
ergy dissipation capacity that allows for its use as a seismic isolator.
Therefore, it is not necessary to incorporate other sources of dissipation
(as additional dampers), resulting in a more cost-efficient design. This
also overlooks the fact that in some cases, rubber bearings are cheaper
than steel springs.

Based on the experimental results shown in this chapter, a hysterical
model is presented below, to represent the vertical force-displacement
relationship of the ISO3D-2G device.

4. Vertical constitutive relations of the ISO3D-2G device

Unlike other materials, representing the mechanical behavior of
rubber through a constitutive relation is very complex [44]. Although
different dynamic models for rubber have been widely studied in
elastomeric isolator devices [45–48], they only consider shear de-
formation, and not the uniaxial compression or tension behavior. In
regards to the uniaxial cyclic deformation in filled rubbers, some
models have been proposed to represent the Mullins effect [49–53], but
are mainly focused on fitting the experimental test data with well-

Fig. 3. Experimental setup.
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Fig. 4. Applied vertical three-phase displacement pattern.
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known and controlled loading and unloading parameters. Even if the
Mullins effect is neglected and a softened backbone curve is considered,
the use of these models in time history analyses is complicated, as some
cases of loading or unloading are not well-defined for different levels of
deformation.

One of the most complete and available models for representing
rubber behavior under uniaxial cyclic deformation was presented in a
study by Rickaby et al. [54]. This model is capable of representing in-
elastic features including the Mullins effect, hysteresis, stress relaxa-
tion, residual strain, and creep of residual strain. Although Rickaby’s
model can adequately represent the measured behavior in phases 1 and
3, it cannot represent the behavior of phase 2, because the loading and
unloading at the intermediate deformations are not defined. As such,
discontinuous jumps are produced between the loading and unloading
curves. This represents a major limitation, as phase 2 of the testing
protocol comprises the most relevant behavior for a time-history ana-
lysis.

Although the Mullins effect is indeed essential in the behavior of
rubber-like materials (as the ISO3D-2G devices will be tested and
scragged to the maximum deformation before installation), no

significant softening effect is expected during earthquakes. Therefore, it
is possible to consider stable hysteretic cycles in the modeling of the
device.

Other rubber phenomena, such as relaxation and creep, are not
expected to have a significant effect on the device. The relaxation effect
of rubber after a scragging process is independent of both the applied
strain and previous maximum strain, and remains as a constant fraction
of the stress relaxed. It is unaffected by any preparatory scragging
procedures [55]. This implies that scragging can be safely used to
control the softening and modulus of the rubber, without affecting the
relaxation process. Although some studies have shown that the re-
laxation effect of rubber may be neglected for the tested loads and
deformation levels, it is essential to conduct further studies to accu-
rately quantify its effects. The unrelaxed stress is expected to be nearly
95% for the considered strain deformation levels; [55] therefore, it is
neglected in the modeling of the device.

Based on the above considerations, a novel model called the hy-
perelastic Bouc-Wen (HBW) model is developed for representing the
vertical force-deformation relations of the ISO3D-2G device. As seen in
Fig. 8, the HBW model comprises a modification of the BW model for

(a)

(b)

(c)
Fig. 5. Vertical force-deformation of: (a) prototype A (contribution of compression rubber), (b) prototype B (contribution of tensile rubber), and (c) prototype C
(overall contribution of tensile and compression rubber).
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highly asymmetric hysteresis, connected in parallel to a nonlinear hy-
perelastic spring. This approach has also been used in other studies. For
example, Osgooei et al. [56] proposed a pivot-elastic model for re-
presenting the lateral behavior of fiber-reinforced elastomeric isolators,
and Alessandri et al. [19] modeled the behavior of wire rope isolators.
However, no model has been proposed to represent the uniaxial beha-
vior of elastomers under compression or tension for seismic purposes.

According to the HBW model, the force-deformation relation of the
rubber under uniaxial deformation is given as follows:

= + = + +F u Z f f f u C f u C C Z( , ) ( ) ( ( ) )v hyp hys 1 2 3 (3)

Here, =f f u C( )hyp 1 is the nonlinear hyperelastic force, with f u( ) being
the monotonic force obtained after eliminating the scragging effect;

= +f f u C C Z( ( )· )hys 2 3 is the hysteretic force, with Z as the internal
hysteretic variable; and C1, C2 , and C3 are constant parameters, where

the superscript denotes different values for representing asymmetric
hysteresis according to the sign of Z .

A comparison between the experimental measures and numerical
results for each phase of the testing protocol is shown in Fig. 9. The
compression and tensile rubber are shown separately, and the latter is
also shown with the kinematic amplification of the framework reversed.
The criteria for the adjustment of the model was to match the amount of
energy dissipated by the hysteretic cycles, as grouped by each phase of
the testing protocol. Table 4 presents the relative error between the
experimental tests and the calibrated model.

It is observed that the calibration of the compression rubber fit
better to the tests than the tensile rubber, with a relative error of less
than 2%. The larger relative error obtained in the tensile rubber might
be because the model was not directly calibrated with raw experimental
results; rather, the inverse kinematics of the framework had to be

Table 3
Properties of hysteretic cycles obtained for prototype C.

# Phase # Cycle Fmax [kgf] Fmin [kgf] Dmax [mm] Dmin [mm] Amplitude [mm] Keff [kgf/mm] Ed [tonf-mm] eff [%]

Phase 1 1 658 52.3 9.0 1.0 8.0 76.0 3.2 41.5
2 679 96.8 11.8 1.9 9.9 58.5 3.2 35.0
3 700 41.7 14.6 2.0 12.6 52.3 3.8 29.6
4 850 20.6 27.3 1.7 25.6 32.3 9.1 27.2
5 865 25.2 28.6 1.7 26.9 31.2 8.0 22.6
6 838 51.3 28.9 2.5 26.4 29.9 7.5 23.0
7 965 69.8 37.0 2.5 34.5 26.0 11.4 23.6
8 964 66.9 37.3 3.3 34.0 26.3 10.3 21.4
9 953 78.7 37.4 3.3 34.1 25.6 10.3 22.0
10 1131 30.2 47.2 2.3 44.9 24.6 15.5 20.0
11 1133 39.0 47.4 2.3 45.1 24.3 15.0 19.4
12 1142 54.9 47.8 2.8 45.0 24.1 14.9 19.3
13 1407 68.0 58.1 3.2 54.9 24.4 21.3 18.4
14 1290 30.4 56.5 2.6 53.9 23.4 19.2 18.0
15 1292 51.0 56.9 2.6 54.3 22.9 19.6 18.5
16 1806 56.3 68.2 3.3 64.9 27.0 28.5 16.0
17 1604 41.5 66.4 3.0 63.4 24.7 25.5 16.4
18 1582 12.8 66.6 3.0 63.6 24.7 25.3 16.1

Phase 2 19.1 1658 229.3 66.9 13.0 53.9 26.5 22.2 18.4
19.2 1549 189.4 66 12.9 53.1 25.6 19.2 16.9
20.1 1154 348.5 57.1 23.0 34.1 23.6 9.6 22.3
20.2 1188 307.9 57.0 22.5 34.5 25.5 9.6 20.0
21.1 937 464.7 48.1 31.4 16.7 28.4 3.4 27.8
21.2 939 429.6 47.7 31.4 16.3 31.2 3.1 23.5
22.1 733 515.7 39.1 33.5 5.6 39.3 0.5 24.7
22.2 740 485.8 38.9 33.4 5.5 46.3 0.5 23.4

Phase 3 23 714 0 27.9 0.0 27.9 25.5 8.1 25.7
24 1007 9.6 46.9 1.8 45.1 22.1 14.7 20.8
25 1679 6.4 67.7 1.7 66.0 25.4 27.2 15.7
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Fig. 6. (a) Dissipated energy by prototype C, (b) Relative error between the experimental results values and the fitting.
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applied to obtain the uniaxial deformation of the tensile rubber. As a
theoretical kinematic amplification was used according to Eq. (1) and
the dimensions of the framework, the real amplification effect during
the test may be slightly different from that obtained theoretically. In
addition, the tensile rubber has a significant error in phase 1, as the
model is not able to represent the Mullins effect that occurs in the first
cycles.

The following subsections elaborate on the equations that represent
the HBW model, and the methodology used to calibrate its parameters.

4.1. Hyperelastic component

Models based on the theory of hyperelasticity are widely used to
represent the mechanical behaviors of biological tissues, elastomers,
foams, and rubber-like materials. In this theory, the models are derived
from a strain-energy function W . Depending on the approach being

followed, two types of formulations mainly exist: (i) phenomenological
models, which are mathematical developments of the function W (e.g.,
Mooney-Rivlin, Ogden), and (ii) physical models based on the spatial
arrangement of the polymer chains network and statistical methods
(e.g., eight-chain Arruda-Boyce). In this study, owing to its excellent
performance in fitting uniaxial experimental data, a third-order Ogden
model is adopted for the nonlinear hyperelastic spring. It has a strain-
energy function as follows:

= + +
=

W
µ

( 3)
i

i

i1

3

1 2 3
i i i

(4)

In the above, µi and i (i = 1, 2, 3) are the parameters of the model;
= + 1u

Li
is the stretch of the material; u is the vertical deformation of

the device; and Li is the initial height or length of the rubber (de-
pending on whether it corresponds to compression or tensile rubber,
respectively).

From Eq. (4), the stress-stretch relation can be obtained (more de-
tails in “Appendix A: Hyperelasticity theory for rubber”) as follows:

=
=

+( )P µ( )
i

i11
1

3
1 2 1i

i

(5)

Here, P11 is the uniaxial stress. Next, by substituting Eq. (5) into Eq.
(3), the hyperelastic force-deformation relation can be obtained, as
follows:

= =f f u C P A C( ) ( )hyp i1 11 1 (6)

In Eq. (6), Ai is the initial cross-sectional area. C1 is a value such that
fhyp passes through the middle of the hysteretic cycles obtained in phase
2 (see Fig. 4). Usually, C1 should take a value between 0.5 and 0.8.

The six parameters of the third-order Ogden model must be chosen
in such a way that Eq. (5) matches the softened loading curve of the
tests. To obtain the parameters, a research curve fitting software for
hyperelastic models called Hyperfit [57] was used. This software was
developed under a MATLAB environment, and finds optimized con-
stants for a given model in a non-linear least square sense, with the
possibility of choosing different optimization algorithms. In this case,
the Levenberg-Marquardt (L-M) optimization algorithm was used. The
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Fig. 7. Effective stiffness and equivalent linear viscous damping ratio of the
device.
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Fig. 8. (a) Classical Bouc-Wen model, (b) Hyperelastic Bouc-Wen model.
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optimized parameters of the model for the tensile and compression
behavior of the rubber are presented in Table 5.

Fig. 10 presents the fitting of the Ogden model to the softened
loading curve obtained from the experimental tests for the stress-stretch
relation of the compression and tensile rubber. The stress-stretch rela-
tion was obtained by dividing the force obtained in the tests by the
initial cross-sectional area. In the case of the tensile rubbers, the data
was modified according to the kinematic relation of the device to obtain
the uniaxial behavior of the rubber. Although the solutions of the op-
timization that are local minimums are adequate for defining these
parameters (as long as it is observed that the model fits the loading
curve well), the third-order Ogden model might have difficulty con-
verging for complex curves (owing to the large number of parameters).
In such cases, any other hyperelastic model with fewer parameters can
be used [58]; however, not all of them will fit the data in the same way.

No goodness-of-fit estimator used to analyze the optimization; al-
though many adjustments could lead to local minima, for the purposes

u [mm]
0 10 20 30 40 50 60 70

0

500

1000

1500 Phase 1
Force [Kgf]

u [mm]
0 10 20 30 40 50 60 70

0

500

1000

1500 Phase 2
Force [Kgf]

u [mm]
0 10 20 30 40 50 60 70

0

500

1000

1500 Phase 3
Force [Kgf]

u [mm]
0 20 40 60 80 100

0

100

200

300

400

500

600 Phase 1
Force [Kgf]

u [mm]
0 20 40 60 80 100

0

100

200

300

400

500

600 Phase 2
Force [Kgf]

u [mm]
0 20 40 60 80 100

0

100

200

300

400

500

600 Phase 3
Force [Kgf]

u [mm]
0 10 20 30 40 50 60 70

0

200

400

600

800

1000 Phase 1
Force [Kgf]

u [mm]
0 10 20 30 40 50 60 70

0

200

400

600

800

1000 Phase 2
Force [Kgf]

u [mm]
0 10 20 30 40 50 60 70

0

200

400

600

800

1000 Phase 3
Force [Kgf]

(a)

(b)

(c)

u [mm]
0 10 20 30 40 50 60 70

0

500

1000

1500 Phase 1
Force [Kgf]

u [mm]
0 10 20 30 40 50 60 70

0

500

1000

1500 Phase 2
Force [Kgf]

u [mm]
0 10 20 30 40 50 60 70

0

500

1000

1500 Phase 3
Force [Kgf]

u [mm]
0 20 40 60 80 100

0

100

200

300

400

500

600 Phase 1
Force [Kgf]

u [mm]
0 20 40 60 80 100

0

100

200

300

400

500

600 Phase 2
Force [Kgf]

u [mm]
0 20 40 60 80 100

0

100

200

300

400

500

600 Phase 3
Force [Kgf]

u [mm]
0 10 20 30 40 50 60 70

0

200

400

600

800

1000 Phase 1
Force [Kgf]

u [mm]
0 10 20 30 40 50 60 70

0

200

400

600

800

1000 Phase 2
Force [Kgf]

u [mm]
0 10 20 30 40 50 60 70

0

200

400

600

800

1000 Phase 3
Force [Kgf]

(a)

(b)

(c)

Fig. 9. Model fitting to experimental results of (a) compression rubber, (b) tensile rubber reversing the amplified kinematic of the framework (local uniaxial
deformation), and (c) tensile rubber re-applying the kinematic amplification.

Table 4
Relative error from model fitting.

Compression Rubber Tensile Rubber

All Phases 1.98% 13.02%
Phase 1 1.97% 17.84%
Phase 2 1.88% 4.47%
Phase 3 1.85% 4.75%

Table 5
Identified parameters for the hyperelastic component.

1 2 3 µ1 µ2 µ3 C1

Tensile 30.15 −5.68 1.94 4.5e−8 −16.73 −23.47 0.7
Compression −4.97 −2.63 4.75 0.30 −15.17 −18.52 0.58

S.I. Reyes and J.L. Almazán Engineering Structures 214 (2020) 110595

9



of this work, a visual appreciation is sufficient for validating the results
of the optimization. The fitting presented in Fig. 10 corresponds to the
first local minima found by the L-M algorithm. It is important to
mention that the Ogden model is a phenomenological model without a
physical basis, so the validity range of the model is within the range of
deformations where the parameters were calibrated (between 0.4 and
1.9). In fact, for values beyond the calibration range, it is highly
probable that these models will diverge to unreasonable values.

4.2. Hysteretic component

To obtain the hysteretic component, it is necessary to subtract the
hyperelastic component =f f u C( )hyp 1 from the experimental data. The
shape of this component should look like the idealized plot of fhys, as
shown in Fig. 8b.

The evolution in time of Z (Eq. (3)) is modeled using the same
differential equation of the BW model [59] as follows:

= +Z
Y

A sign uZ Z u1 [1 { ( ) }| | ]n
(7)

In the above A, n, , and are parameters for controlling the hys-
teretic shape, and Y is the yield deformation of the model. In a typical
formulation of the BW model, Z takes a value between 1 and −1 (i.e.,

=A 1, + = 1), and Y is considered as a constant value, to set the
pre-yield linear elastic stiffness when modeling the plasticity [59].
However, in the HBW model, the yield deformation Y is selected based
on the direction of deformation (e.g., the value of sign u( )) and the in-
ternal variable Z. With this approach, it is possible to generate four
different branches in the hysterical cycle: loading, unloading, reloading
in the opposite direction, and unloading again (See Fig. 11a). To create

a gradual change in the slope between unloading and reloading, the
transition between different yield deformation values (Y) is made
through a hyperbolic tangent (See Fig. 11). Eq. (8) defines the value of
Y as a function of the direction of deformation.

=
+

+ >

+

+

tanh C Z u

tanh C Z u
Y

( · ) , 0

( · ) , 0

Y Y Y Y

Y Y Y Y

4 2 2

5 2 2

1 2 1 2

3 4 3 4
(8)

Here, C4 and C5 are constant values that control how quickly or
smoothly the value of Y changes, and Yi ( =i 1, 2, 3, 4) are the boundary
values that Y can take. As the xtanh( ) function can only take values
between 1 and −1, for the case u 0, if =tanh C Z( · ) 1,4 then =Y Y1,
whereas if =tanh C Z( · ) 1,4 then =Y Y2. The same happens for the case

>u 0 with the values Y3 and Y4.
To simplify the calibration process, the parameters associated with

the classic BW model are set as follows: A=1, =n 1, = 1, and = 0.
These values cause the Z variable to increase gradually and slowly, i.e.,
consistent with the observed behavior of most rubber-like materials.

Parameters Y Y Y Y C, , , ,1 2 3 4 4, and C5 modify the yield deformation Y
of the model, according to Eq. (8). The value of Y controls the speed at
which the variable Z changes, and is reflected in the model as a slope.
Fig. 11a schematically illustrates how the choice of different Y values
changes the slope of the model, according to the branches considered in
Eq. (8). A larger value of Y generates a small slope suitable for the
branches associated with Y2 and Y3, whereas a small value of Y generates
a large slope suitable for the branches associated with Y1 and Y4. The use
of a hyperbolic tangent for the transition between two values of Y
provides a smooth change of the curve, avoiding undesired corners in
the model, as shown in Fig. 11a.

Parameters C4 and C5 (inside the hyperbolic tangent argument)

Fig. 10. Fitting of Ogden model to the softened loading curves of compression and tensile rubber.
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Fig. 11. Variable yield deformation of the Hyperelastic Bouc-Wen model.
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control the speed at which the transition occurs. High values of these
parameters will result in a fast transition, whereas small values will
result in a slow transition. It is important to mention that if the values of
these parameters are too small, the transition will not occur entirely
within the range of the variable Z (between −1 and 1). As an example,
in Fig. 11b, it is observed that for the compression rubber, the transition
occurs almost entirely between the values of Z = [−0.5, 0.5]. In
contrast, for tensile rubber where the values of these parameters result
in higher values in the calibration, the transition occurs mostly between
the values of Z = [−0.25, 0.25] (approximately).

Finally, the last four parameters ( < > <C C C, ,Z Z Z
2

0
2

0
3

0, and >C Z
3

0) de-
fine the boundaries of the model that multiply the variable Z. In the
classical formulation of the BW model, the boundaries correspond to a
constant force that is independent of the level of deformation. In the
HBW, the limits are given by the same hyperelastic component of the
model f u( ) which varies with the level of deformation; however, it is
also weighted by C2, and summed to C3. Fig. 8b shows the shape that
these limits take. As the model is intended to represent the compression
or tensile behavior of the rubber, there is only positive deformation
(i.e., u > 0). Parameter C2 controls the slope of the boundary curve
f u( ), allowing the hysteresis to be lifted to different degrees for small
and large deformations. In contrast, parameter C3 controls the position
in the Y-axis of the boundary, allowing the hysteresis to be lifted uni-
formly.

The identified parameters for the model are listed in Table 6. It is
important to mention that this calibration was performed completely
manually, without the use of any optimization algorithm.

5. Horizontal constitutive relations of the ISO3D-2G device

As all devices are simply supported, there is a frictional interaction
between the device and the ground. Generally, the friction is modeled
by a transition between a stick and a slip phase. This is usually con-
sidered with the respective transitional rules; in contrast, in this study,
the non-linear biaxial hysteretic model proposed by Park et al. [60] is
used. This model acts like a fictitious spring, with a given stiffness
during the non-slip phase, and zero stiffness during the slip phase. The
forces of the interaction in X and Y directions are given as follows:

=
F
F F u Z µ

Z
Z( , )x

y
v

x

y (9)

In the above, F u Z( , )v corresponds to the vertical axial load of the
device as obtained from Eq. (3), and µ is the friction coefficient between
the surfaces in contact. Multiplying both provides the yield or sliding
force of the frictional model. Commonly, the slide between the surfaces
is caused by a high lateral force that exceeds the restitutive force
F u Z µ( , )v . In the case of the VRI system, the sliding condition only
happens in some devices, owing to a drastic reduction of the axial load
F u Z( , )v from the unloading in some legs during the rocking motion of
the system. The choice of the friction coefficient must be made ac-
cording to the contact surfaces. Considering the interaction between
steel and concrete, some authors have experimentally determined that a
suitable friction coefficient during sliding for high axial loads is be-
tween 0.5 and 0.7 [61,62]. However, as sliding is also expected to occur

for low axial loads, a friction coefficient of 0.3 is adopted for the model
[63].

The hysteretic components of the model Zx and Zy are the solution
of the coupled differential equation as follows:

=

F u Z µ
K

Z
Z

A sgn Z u Z Z sgn Z u Z Z Z Z
sgn Z u Z Z Z Z A sgn Z u Z Z

u
u

( , )

( ) ( )
( ) ( )

v

f

x

y

x x x x y y x y x y

x x x y x y y y y y

x

y

2 2

2 2

(10)

Here, =A 1, = 0.5, and = 0.5 are the parameters of the biaxial BW
model, ux and uy are the velocities in X and Y direction, respectively,
and the term F u Z µ K( , ) /v f is the yield deformation of the model. This
yield deformation constantly varies with the axial load, to maintain a
constant stiffness Kf at the non-slip phase. Generally, this lateral stiff-
ness is considered at a very high value to obtain a small yield de-
formation and therefore a small non-slip phase, as consistent with the
friction theory. However, the presence of various elements between the
structure and the ground provides enough flexibility to consider the
appropriate use of an equivalent lateral stiffness Keq instead for the non-
slip phase.

The equivalent lateral stiffness considered in the analysis is chosen
according to the structure geometry and materials. For most industrial
equipment, this stiffness is high, and its flexibility can be neglected in
the analysis. In the case of some flexible structures (e.g., a legged steel
wine storage tank where the link between the device and the rest of the
structure is the leg of the tank), additional flexibility should be con-
sidered. Thus, the equivalent lateral stiffness =K Keq f for the non-slip
phase of the frictional model can be estimated as two springs connected
serially, as follows:

= +K u
K u K

( ) 1
( )

1
eq

device structure

1

(11)

K u( )device is the lateral stiffness of the device as estimated from Eq. (12),
and Kstructure is the lateral stiffness of the element connecting the device
to the main body of the isolated structure. Fig. 12 represents the case
for a legged wine storage tank, where the leg of the tank is considered
as a flexible element.

The lateral stiffness of each device incorporates the stiffness of the
central rod, flexible element, and support structure. All these stiffnesses
remain constant except for that of the central rod, which changes its
flexural length according to the vertical deformation u of the device.
The stiffness of the device can be estimated as follows:

= + +K u
K u K K

( ) 1
( )

1 1
device

rod flex supp

1

(12)

The articulated framework structure is designed to not contribute to
lateral stiffness; as such, a sufficiently large gap in the articulated
connections must be considered to allow this. If the stiffness of the
flexible element kflex is very low as compared to that of the other two
components, this stiffness will predominate, and the stiffness of the
entire device will be nearly-independent of the vertical deformation u
(i.e., 0K u

u
( )device ). In fact, if the bushing is much more flexible than the

Table 6
Identified parameters for the hysteretic component.

Bouc-Wen Yield deformation Y [cm] Bounds curves of Bouc-Wen

n A Y1 Y2 Y3 Y4 C4 C5 >C Z
2

0 >C Z
3

0 <C Z
2

0 <C Z
3

0

Tensile 1 0 1 1 0.01 9.5 10 0.2 7.3 4.75 0.3 4.5 0.47 4.5
Compression 1 0 1 1 0.25 6 1 0.2 3.5 3 0.36 40 0.35 100

* >C Z
3

0 and <C Z
3

0 are in [kgf] units.
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other two elements, the lateral stiffness can be assumed as equal to the
radial stiffness of the bushing, i.e., =K Kdevice flex .

The estimation of the radial stiffness of a rubber bushing is a widely
studied subject in the literature [64–68], varying between approxi-
mately 1–2 Tonf/cm for a high-damping rubber bushing when con-
sidering a shear modulus for the rubber between 0.6 and 1.3 MPa [66].
This estimation was computed for a bushing size suitable for a device
with the dimensions presented in Table 2, while maintaining the scale
and aspect ratio shown in Fig. 12b. As a conservative approach, a
stiffness value of =K Tonf cm2 /flex was considered in this work for the
flexible element. The authors believe that a rubber bushing is the best
option for use as a flexible element in the ISO3D-2G device, as it allows
the rotation of the rod, and the properties can be considered as rate-
independent for the range of frequencies in seismically isolated struc-
tures [69].

The lateral stiffness of the support structure and central rod can be
estimated as a cantilever frame element with their corresponding
properties. However, in the case of the rod, its length is continuously
changing owing to the vertical deformation u, as follows:

=K u E I
L u

( ) 3
( )rod

r r

r
3 (13)

Here Er , Ir , and Lr are the Young's modulus, moment of inertia, and

length of the rod, respectively. As a result of all these considerations,
the ISO3D-2G device is vertically flexible in the U-direction, and is
laterally stiff in any radial R-direction (the directions refer to Fig. 1a).
Thus, it is able to distribute lateral forces in all devices, unlike the
ISO3D device, which only had some devices acting simultaneously in a
stiff direction (a detailed explanation of why the ISO3D only has one
stiff direction can be found in references [24,30]).

Based on all of these considerations, the estimated lateral stiffness of
the devices, as computed with Eq. (12), is =K Tonf cm1.6 /device . It can be
seen that this value is very close to the value considered for the flexible
element.

6. Case STUDY: ISO3D-2G device performance

In this section, the dynamic behavior of the proposed isolation
system is analyzed through a time-history analysis. Owing to the un-
satisfactory performance of legged wine storage tanks in strong seismic
events worldwide [26–29], these structures are particularly attractive
for applying the proposed VRI system, as materialized with the ISO3D-
2G device. This system is characterized by three low-frequency modes:
vertical translation, and rotation around two horizontal axes; and three
high-frequency modes: translation in two horizontal axes, and rotation
around the vertical axis. A schematic rendered animation video of a
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Rubber Bushing
Support structure

Tank mantle
base
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Kstructure

K device (u)
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Fig. 12. (a) Simplified model for the equivalent lateral stiffness of the connection to the device, (b) Idealized model for the lateral stiffness of the device.
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wine storage tank protected with the VRI system, as well as the ISO3D-
2G device, can be found in Ref. [70].

Fig. 13 presents an isometric view of an isolated storage tank with
four ISO3D-2G devices, a schematic bi-dimensional rocking motion,
and an idealized model considered suitable for the VRI system. This
model consists of a six degrees-of-freedom rigid structure, with a mass
m concentrated at a height h above the mass-less isolation level. Auad
and Almazán [30] showed that the difference between using a complete
fluid-structure interaction model and a quasi-static approach for liquids
in a storage tank full of wine is truly negligible. This assumption is in
line with practice, as for winemaking purposes, these tanks must remain
fully filled. As such, a rigid body with equivalent inertial properties is
used to represent the storage tank with liquid. These properties are
defined according to the liquid sloshing dynamics theory [71,72].

The tank under consideration is the same one used by Colombo &
Almazán [73]. The weight of the tank is approximately 3200 kgf (in-
cluding the liquid inside), and has four legs, each 89 cm in height. The
geometric properties are listed in Table 7.

6.1. Equation of motions

The equation for the motion of the structure, assuming linear ki-
nematics, can be expressed as follows:

+ + =Mq K q L F W St t t tu¨ ( ) ( ) ( ) ¨ ( )geo NL
T

g (14)

= +
+
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m mh
m mh
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=W mg[0 0 0 0 0]T

=q t u t u t u t t t t( ) [ ( ) ( ) ( ) ( ) ( ) ( )]x y z y x z
T

=t u t u t u tü ( ) [ ¨ ( ) ¨ ( ) ¨ ( )]gx gy gz
T

g

In the above, q t( ) is the vector of the degrees of freedom; M and
Kgeo are the mass and geometric stiffness matrices, respectively; W the
self-weight vector; g is the gravity acceleration; m is the equivalent
lumped mass of the system; h is the height of the lumped mass, I I I, ,x y z
are the equivalent rotational inertia of the lumped mass around the
principal axes; F t( )NL is a vector of the local non-linear forces of the
devices, with L as a kinematic transformation matrix; tü ( )g is the
ground acceleration vector; and S the load matrix. The geometric
stiffness matrix involves P-delta effects, owing to the constant gravity
acceleration g and the additional vertical acceleration of the ground.

6.2. Seismic records

To analyze the performance of the isolation system, the model was
subjected to four records: a Newhall record from the 1994 M 6.7w
Northridge Earthquake, and three other records (Curicó, Hualañé, and
Talca) from the 2010 M 8.8w Maule Earthquake. The reason for con-
sidering the Northridge Earthquake is that in these types of motions
(impulsive-like), the system is expected to have a large lateral dis-
placement, which would consequently cause an uplifting of the system.

Fig. 14a shows the computed pseudo-acceleration response spectra
for the three components of the records for 2% of equivalent viscous
damping (a widely accepted damping for anchored steel storage tanks)
[74,75]. The considered tank has a fixed base period of approximately
0.3 s [30]; thus, spectral accelerations of up to 2 g would be expected for
the Maule earthquake, and up to 3.5 g for the Northridge earthquake.

In seismically isolated structures, the flexibilization effect leads to
larger lateral displacements during a seismic event. The displacements

Table 7
Geometric properties of the tank and separation of devices.

Tank mantle radius
(cm)

Separation of devices in x-dir
+b b1 2 (cm)

Separation of devices in y-dir
+b b1 2 (cm)

Mantle height
(cm)

h Center of mass
height (cm)

x-dir aspect

ratio +( )b b
h

1 2
2

y-dir aspect

ratio +( )b b
h

1 2
2

80 100 106 158.5 168.3 0.297 0.315

Fig. 14. Pseudo-acceleration spectra for 2% of damping ratio.
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of a structure isolated with a VRI system are also larger than those of
the same structure with a fixed base. This is an important consideration
for the desired performance, as these structures are usually inside in-
dustrial facilities where there is a high probability of impact with other
nearby elements such as beams, gangways, other tanks, and connection
piping. To estimate the expected lateral displacement and acceleration
of the system, the S SA d spectra were computed for the X components
of the records for 20%, 25%, and 30% of damping. Fig. 15 presents
these spectra, specifying the periods 1.0, 1.5, 2.0, and 2.5, and the
period identified for the system in Subsection 6.3 for each record.

6.3. Results

This subsection presents the results obtained from the time-history
analysis of the four seismic records. For comparison purposes, results
were obtained considering both the three components of the records
(3D-THA), and only the component of higher intensity (1D-THA) ap-
plied in the X direction.

Fig. 16 presents the relation between the horizontal displacement of
the center of mass (CM) and the base shear of the structure for the 1D-
THA system. Its effective stiffness and damping ratio are also identified.
For the three records corresponding to the Maule Earthquake, the

observed behavior is similar to that of conventional isolation systems.
The effective period varies between 1.26 s and 1.39 s, and the effective
damping ratio varies between 0.26 and 0.29. The maximum values of the
base shear and CM displacement are consistent with those shown in
Fig. 15. However, for the Newhall record, there is a significant change in
the pattern of behavior, owing to the uplift of two of the four devices. In
this case, the uplift occurs at a CM displacement of approximately 11 cm.

It can be seen that after the uplifting, as the displacement increases,
the base shear decreases. This reduction in the base shear is because the
CM of the structure approaches a point where it is pivoting, reducing
the restitutive force that provides the self-weight of the system. The
latter is consistent with the results obtained in other research regarding
rocking with large uplifting [76–80].

Table 8 presents the maximum global response values of the
structure: the total base shear, dynamic vertical reaction (subtracting
the static component W), and total horizontal displacement. The ratio
between the values obtained for 3D-THA and 1D-THA is also indicated.
For the 1D-THA system, a component of higher intensity was applied in
the X direction of the model. According to the ratios, it can be seen that
the 1D-THA system is appropriate for estimating the total horizontal
displacement, but not for estimating the global forces, especially the
dynamic vertical reaction. To quantify the effects of isolation in both

Fig. 15. Pseudo-displacement vs Pseudo-acceleration spectrum in X-direction for 20%, 25%, and 30% of damping ratio.

Fig. 16. Base shear vs. center of mass lateral displacement relationship for the four considered records.
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directions, the ratios between the maximum force values obtained for a
fixed base and isolated base condition (reduction factor) are presented.
It can be seen that the average reduction factor in the horizontal di-
rection is 8.44, i.e., in the same order as that the conventional lateral
isolation systems, whereas the average reduction factor in the vertical
direction is 2.48.

Table 9 presents the maximum local response values for each device
(numbered according to Fig. 13b): the total base shear, vertical reac-
tion, and total horizontal displacement. It can be seen that to estimate
the local responses, it is necessary to consider the three components of
ground motion. Notably, for the three non-impulsive records, there is
no uplift on any of the four devices.

7. Conclusions

In this work, the effectiveness of a VRI system was analyzed. To
materialize the isolation system, an improved version of the ISO3D
device, called ISO3D-2G, was developed. The most significant changes
made were the addition of a solid central rod, and the replacement of all
steel springs with high-damping rubber bearings.

Three prototypes of the ISO3D-2G were tested with different rubber
configurations, to analyze the contributions of rubber bearings in

compression and tension independently. A three-phase load protocol
was applied, as specially designed for this type of device. Each phase
had the purpose of showing a specific behavior of the rubbers.

After all phases of the test, the effective stiffness remained ap-
proximately constant, varying between 22.1 kgf/mm and 25.5 kgf/mm,
whereas the effective damping ratio tended to decrease with the de-
formation amplitude, varying between 15.7% and 25.7%. In all phases,
the dissipated energy increased with the deformation amplitude, with a
power close to 3/2.

Based on the experimental results, a novel model (the HBW) was
developed to represent the vertical force-deformation relation of the
rubber bearings under uniaxial deformation. The HBW model was
composed of a modified BW model for highly asymmetric hysteresis,
connected in parallel to a nonlinear hyperelastic spring. The model was
manually calibrated to minimize the error in the dissipated energy,
reaching relative errors of less than 2% and 5% for the compression and
tensile rubber bearings, respectively. The model was very accurate for
different displacement patterns and levels of deformation. This allows
for the possibility of representing the complex hysterical behaviors of
elastomers under compression and tension for other applications. The
lateral behavior of the device was represented using a non-linear 2D
frictional hysteretic model. No important sliding was observed in the

Table 8
Global results for the system.

1D-THA 3D-THA* Ratio 3D/1D Ratio fixed Base/isolated base (FB/IB)

Record VT
max

W
PZ

max

W
uT

max [mm] VT
max

W
Pzmax

W
uT

max [mm] V PZ uT V PZ

Curicó-y 0.176 0.14 77.8 0.23 0.29 78.7 1.31 2.07 1.01 7.92 1.99
Talca-x 0.136 0.10 56.5 0.18 0.22 64.8 1.32 2.20 1.14 10.94 3.45
Hualañé-y 0.200 0.11 84.2 0.20 0.42 81.8 1.00 3.82 0.97 7.41 3.78
Newhall-x 0.387 0.74 293.6 0.55 1.05 274.3 1.42 1.42 0.93 6.63 0.70

Mean 1.26 2.37 1.01 8.22 2.48

* Total base shear is computed as = +V max V t V t( ( ) ( ) )T
max

x y
2 2 , where t is each time instant of the analysis. Total displacement is computed in the same way.

Table 9
Local results for each device

1D-THA 3D-THA Ratio 3D/1D

Record Vdevice
max

W / 4
Pdevice

max

W / 4
umax
[mm]

umin
[mm]

Leg Vdevice
max

W / 4
Pdevice

max

W / 4
umax
[mm]

umin [mm] V P umax umin

Curicó 0.308 1.712 54.1 8.3 1 0.28 2.20 63.5 1.7 0.91 1.29 1.17 0.20
– – – – 2 0.42 2.56 65.6 6.0 1.04 1.50 1.21 0.72
– – – – 3 0.24 2.36 63.6 1.4 0.78 1.38 1.18 0.17
– – – – 4 0.40 2.56 65.5 2.9 1.30 1.50 1.21 0.35

Mean 0.32 2.44 64.6 3 1.00 1.42 1.19 0.36

Talca 0.196 1.596 52.9 18.0 1 0.24 2.08 60.5 10.3 1.22 1.30 1.14 0.57
– – – – 2 0.20 1.84 56.3 9.2 1.02 1.15 1.06 0.51
– – – – 3 0.16 2.12 61.0 19.2 0.82 1.33 1.15 1.07
– – – – 4 0.24 2.24 62.4 5.1 1.22 1.40 1.18 0.28

Mean 0.20 2.08 60.1 11.0 1.07 1.30 1.13 0.61

Hualañé 0.364 1.852 54.9 5.5 1 0.20 1.80 56.9 3.7 0.55 0.97 1.04 0.67
– – – – 2 0.24 2.12 60.5 −8.4 0.66 1.14 1.10 –
– – – – 3 0.28 2.44 67.4 6.7 0.77 1.32 1.23 1.22
– – – – 4 0.20 0.51 59.9 13.9 0.55 1.10 1.09 2.53

Mean 0.24 2.04 61.18 3.98 0.63 1.13 1.12 1.47

Newhall 0.776 2.98 70.7 −117.4 1 0.84 4.12 76.0 −110.5 1.08 1.38 1.07 0.94
– – – – 2 1.20 5.28 77.7 −121.7 1.55 1.77 1.10 1.04
– – – – 3 1.36 7.00 81.0 −80.0 1.75 2.35 1.15 0.68
– – – – 4 1.00 5.24 77.2 −89.9 1.29 1.76 1.09 0.77

Mean 1.12 5.40 77.98 −100.53 1.42 1.82 1.10 0.86

Mean 1.0 1.42 1.14 0.8
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devices during the time history analyses.
To analyze the performance of the isolation system, an idealized

model with six degrees of freedom was considered. The model was
subjected to three subduction type records (non-impulsive) and one
cortical-type record (impulsive). For the three non-impulsive records,
the observed behavior was similar to that of conventional lateral iso-
lation systems. Horizontal force reduction ratios between 7.4 and 10.9
were obtained. The maximum shear base remained below 23% of the
total weight of the structure, even considering the three components of
the ground motions. In contrast, vertical force reduction ratios between
2 and 3.8 were obtained, demonstrating that the vertical isolation effect
is very satisfactory. For the impulsive record, there was a significant
change in the pattern of behavior, owing to a large uplifting of ap-
proximately 120 mm on two of the four devices. Despite the above, the
structure remained stable, and the lateral isolation effect was preserved.

Finally, it is concluded that the use of vertically flexible devices with
high damping in the base of some structures to generate a rocking
isolation mechanism is an effective way to reduce the seismic demand
on the structure, even though the isolated modes of the structure do not
take periods longer than 2.0 s. Although there is not a complete lateral
translation at the base, the VRI system isolates the structure by allowing
the lateral and vertical displacement of the CM.
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Appendix A. Hyperelasticity theory for rubber

If we consider that a given particle of material at a time t0 is located at a point =P x y z[ , , ],1 1 1 1 and that after deformation of the material, the same
particle at time t is located at the position =P P t x y z( , ) [ , , ]2 1 2 2 2 , the local gradient of deformation is defined as follows:

=F P P P
P

t t( , ) ( , )
1

2 1

1 (A.1)

If we consider an incompressible and isotropic uniaxial strain deformation, the principal stretches are related by = =2 3 1
1
2 . Then, we have

that =x x2 1 1, =y y2 1 1
1
2 and =z z2 1 1

1
2 ; the principal stretch in the 1-direction 1 will be represented as . Using the left Cauchy-Green strain tensor

=B FFT as the measure of deformation, we obtain the principal invariants = = +BI tr ( ) 21
2 1, = = +B BBI tr tr{( ) ( )} 22

1
2

2 2 , and
= =BI det ( ) 13 .

To represent the internal forces on the material, two stress tensors are commonly used: (i) the true stress (Cauchy stress) tensor , and (ii) the
engineering stress (first Piola-Kirchhoff stress) tensor P. Both are related by =P F Fdet ( )T . According to the hyperelasticity theory, these stress
tensors are derived from a strain-energy function W . This function depends on the strain tensor B, specifically on the invariants in the case of an
isotropic material, and only on in the case of uniaxial deformation. With all of these considerations, the relation between the engineering stress
(first Piola-Kirchhoff stress) and the stretch can be expressed as follows [81]:

=P
F

FW I I p( ( ), ( )) T1 2
(A.2)

Here, p is a parameter of arbitrary pressure. As the uniaxial behavior is of interest in this work, imposing the condition = =P P 022 33 for p
parameter leads to a uniaxial stress expression as follows:

= = +P W I I W I I
I

W I I
I

( ) ( ( ), ( )) 2( ) ( ( ), ( ))
( )

1 ( ( ), ( ))
( )11

1 2 2 1 2

1

1 2

2 (A.3)

The same procedure can be used to obtain the stress-stretch relation for the equibiaxial extension, pure shear, and biaxial extension. These are the
most common and standardized tests with simple loading conditions for characterizing a specific material. Many authors have proposed strain-
energy functions to represent the behaviors of these types of materials.

As mentioned in Section 4, the third-order Ogden model is adopted for the nonlinear hyperelastic spring, and has a strain-energy function as
follows:

= + +
=

W
µ

( 3)
i

i

i1

3

1 2 3
i i i

(A.4)

Replacing this function in Eq. (A.3) we obtain the stress-stretch relation for the third-order Ogden model as follows:

=
=

+( )P µ( )
i

i11
1

3
1 2 1i

i

(A.5)

Appendix B. Supplementary material

Supplementary data to this article can be found online at https://doi.org/10.1016/j.engstruct.2020.110595.
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